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The viscosity of strongly interacting systems is a topic of great interest in diverse fields. We focus
here on the bulk and shear viscosities of non-relativistic quantum fluids, with particular emphasis on
strongly interacting ultracold Fermi gases. We use Kubo formulas for the bulk and shear viscosity
spectral functions, ζ(ω) and η(ω) respectively, to derive exact, non-perturbative results. Our results
include: a microscopic connection between the shear viscosity η and the normal fluid density ρn;
sum rules for ζ(ω) and η(ω) and their evolution through the BCS-BEC crossover; universal high-
frequency tails for η(ω) and the dynamic structure factor S(q, ω). We use our sum rules to show
that, at unitarity, ζ(ω) is identically zero and thus relate η(ω) to density-density correlations. We
predict that frequency-dependent shear viscosity η(ω) of the unitary Fermi gas can be experimentally
measured using Bragg spectroscopy.
PACS numbers: 67.85.De, 67.10.Jn, 67.85.Lm
I. INTRODUCTION
The study of the viscosity of strongly interacting quan-
tum fluids has brought together very different areas of
physics – black holes and string theory, quark-gluon plas-
mas, quantum fluids and cold atoms – which, at first
sight, appear to have little in common [1, 2]. This ex-
traordinary development originated with the work of Son,
Starinets and coworkers [1, 3, 4] who calculated the shear
viscosity in a strongly interacting quantum field theory,
the N = 4 supersymmetric Yang-Mills (SYM) theory,
and conjectured a lower bound
η/s ≥ ~/(4πkB) (1)
for the ratio of the shear viscosity η to the entropy den-
sity s of any system. These results were obtained using
the AdS/CFT formalism where certain strongly coupled
field theories can be mapped onto weakly coupled gravity
theories.
Although a number of counterexamples have since
been proposed [5–8], there are no known experimen-
tal violations of the bound given by Eq. (1). Remark-
ably, two very different experimental systems come close
to saturating the bound: the quark-gluon plasma at
Brookhaven’s Relativistic Heavy Ion Collider [9, 10], and
ultracold atomic Fermi gases [11, 12] close to a Feshbach
scattering resonance, where the s-wave scattering length
becomes infinite [13]. This is the strongly interacting
unitary regime that lies at the center of the BCS-BEC
crossover. These two systems are amongst the hottest
and coldest systems every realized in a laboratory.
In this paper we focus on non-relativistic quantum
fluids, with particular emphasis on strongly interacting
Fermi gases. These are systems for which the most
controlled experiments should be possible. A “perfect
fluid” with the minimum shear viscosity is necessarily in
a quantum regime, since the bound involves ~. In ad-
dition, it must also be in a strongly interacting regime
where well-defined quasiparticle excitations do not exist.
If the system had sharp quasiparticles, then their mean
scattering rate τ−1 would be much less than the aver-
age energy per particle ǫ0, so that ~/τ ≪ ǫ0. We can
then use Boltzmann’s kinetic theory approach to obtain
η ∼ nǫ0τ , where n is the number density. Using s ∼ nkB,
we find a large η/s ∼ ǫ0τ/kB ≫ ~/kB. Thus, in order
to find perfect fluids that come close to saturating the
lower bound given by Eq. (1), one must look at strongly
interacting quantum fluids where the quasiparticle ap-
proximation fails.
In this paper we use Kubo formulas for the frequency-
dependent spectral functions for shear viscosity η(ω) and
bulk (or second) viscosity ζ(ω), and derive several exact,
non-perturbative results without making weak coupling
or quasiparticle approximations. Our main results are:
• We establish a microscopic connection between the
shear viscosity η and the normal fluid density ρn and
show that a non-zero ρn is a necessary condition for a
non-vanishing η.
• We derive sum rules for η(ω) and ζ(ω) of any Bose
or Fermi system with an arbitrary two-body interaction;
see Eqs. (52) and (53).
• For a dilute two-component Fermi gas, we find the
shear viscosity sum rule
1
π
∫ ∞
0
dω
[
η(ω)− C
10π
√
mω
]
=
ε
3
− C
10πma
, (2)
valid for arbitrary temperature and 1/(kFa), where a is
the s-wave scattering length. Here, ε is the energy den-
sity and C is the contact [14]. A central quantity in many
of our results, C = k4F C[1/(kFa), T/ǫF ] can be defined via
the large-k tail of the momentum distribution nk ≃ C/k4
for k≫ kF , and characterizes the short-distance proper-
ties of the many-body state.
• For the bulk viscosity, we obtain the sum rule
1
π
∫ ∞
0
dω ζ(ω) =
1
72πma2
(
∂C
∂a−1
)
s
, (3)
2where the derivative is at fixed entropy per particle s ≡
S/N . [Different from Eq. (1), in the remainder of this
paper we use s to denote this quantity rather than the
entropy density.] Below the superfluid transition, the
bulk viscosity that enters Eq. (3) is ζ2, associated with
the damping of in-phase motions of the superfluid and
normal components. The positivity of ζ(ω) implies that
(∂C/∂a−1)s ≥ 0.
• At unitarity, the bulk viscosity spectral function van-
ishes at all frequencies and all temperatures. Quite gen-
erally, ζ(ω) ≥ 0, but the sum rule in Eq. (3) vanishes
for |a| = ∞ and thus ζ(ω) = 0 for the unitary Fermi
gas. This generalizes the result [15] that the static bulk
viscosity ζ(0) vanishes at unitarity.
• It follows from the previous result that, at unitarity,
the shear viscosity spectral function η(ω) can be related
to density-density correlations as
η(ω) = lim
q→0
3ω3
4q4
Imχρρ(q, ω) (|a| =∞). (4)
Thus, η(ω) for the unitary Fermi gas can be measured
spectroscopically using, for instance, two-photon Bragg
spectroscopy.
•We show from our sum rules that various dynamic re-
sponse functions for Fermi gases have high-frequency tails
characterized by odd-integer power laws, whose magni-
tudes are controlled by the contact C. The tail C/
√
ω
of η(ω) is evident from Eq. (2). Using this we find that
the dynamic structure factor has a tail of the form [16]
S(q, ω) ∼ Cq4/ω7/2 for q → 0 and ω → ∞, which is
shown to be a generic feature of short range physics.
In the remainder of this Section we describe how the
rest of the paper is organized. In Section II, we begin
with a careful derivation of Kubo formulas for the spec-
tral functions η(ω) and ζ(ω) in terms of current-current
correlation functions, Eqs. (20) and (21), and, equiva-
lently, in terms of the stress-stress correlator, Eq. (28).
In Section III we recall some elementary facts about
the shear viscosity of a fluid and why it is analogous to
the resistivity, and not the conductivity, of a metal. We
then establish a connection between the viscosity η and
the normal fluid density ρn using microscopic response
functions.
After establishing the positivity of η(ω) and of ζ(ω)
in Section IV, we derive sum rules for these quantities
in Section V. The most general sum rules for the shear
and bulk viscosities of any Bose or Fermi system with an
arbitrary isotropic interaction potential V (p), and valid
for all temperatures, are given in Eqs. (52) and (53).
In Section VI, we specialize to the dilute Fermi gas,
with interparticle spacing k−1F and s-wave scattering
length a both much larger than the characteristic range
r0 of the potential. We obtain the ζ sum rule in Eq. (3),
which is finite in the zero range limit. The η sum rule,
however, has an ultraviolet divergence; see Eq. (66). We
identify, in Section VII, the C/
√
ω high-frequency tail
of the shear viscosity spectral function, and derive the
sum rule given by Eq. (2), which is manifestly finite for
r0 → 0. The sum rules given by Eqs. (2) and (3) are
valid in both the normal and superfluid phases, with ζ
replaced by ζ2 in the latter state.
In Section VIII we show from the ζ sum rule that, at
unitarity, ζ(ω) vanishes at all frequencies and all temper-
atures. We also discuss the 1/(kFa)-dependence of the
η and ζ sum rules across the BCS-BEC crossover, us-
ing available quantum Monte Carlo data for the energy
density at T = 0.
We discuss the connection between viscosity and
density-density correlations in Section IX and find two
interesting results. First, we show how a density probe
such as two-photon Bragg spectroscopy can in principle
be used to measure the shear viscosity spectral function
η(ω) at unitarity. Second, we identify the high-frequency
ω−7/2 tail in the dynamic structure factor S(q, ω).
In Section X, we briefly compare the sum rules that
we have derived for non-relativistic quantum fluids with
those obtained in relativistic quantum field theories. Fi-
nally in Section XI we conclude with open questions.
There are five Appendices which contain technical de-
tails of derivations or review certain results which are
used at various places in the paper. In Appendix A,
we briefly discuss an alternate stress tensor operator of-
ten used to calculate the shear viscosity. Some results
from dissipative two-fluid hydrodynamics, which we use
in our paper, are reviewed in Appendix B. We review in
Appendix C results related to the contact that are used
at several places in the paper, and also give a detailed
derivation of certain equations that involve the contact.
In Appendix D, we derive a microscopic expression for
the pressure. Finally, in Appendix E we give details of
the derivation of the ζ sum rule which make use of the
scaling form of thermodynamic functions across the BCS-
BEC crossover.
II. KUBO FORMULA FOR VISCOSITY
We begin by deriving Kubo formulas for the bulk and
shear viscosity. Although the results of this Section are,
for the most part, “well known”, we could not find a
complete derivation at any one place in the literature.
In particular, there are several subtle points not dealt
with adequately elsewhere, not least the definition of the
stress tensor operator Π̂αβ for non-relativistic systems.
To introduce notation, we start with the Euler equa-
tion
m∂tjα(r, t) = −∂βΠαβ(r, t), (5)
where m is the mass of the particles, jα is the (number)
current and Παβ is the momentum flux density tensor,
which we call the stress tensor, for short. Here, α and β
take on values x, y, z (and there is no difference between
3upper and lower indices in our non-relativistic formula-
tion). In general, the stress tensor is given by [17]
Παβ = Pδαβ + ρuαuβ − σ′αβ , (6)
where P is the pressure, ρ the mass density and u the
velocity. The viscous term σ′αβ is given by
σ′αβ = η
[
∂βuα+∂αuβ− 2
3
δαβ(∇ · u)
]
+ζδαβ(∇ · u), (7)
where η is the shear viscosity and ζ the bulk viscosity.
The generalization of Eq. (7) to the superfluid state is
well known [17] and involves additional bulk viscosities.
At the end of Section IIA, we show that the Kubo for-
mula we derive for ζ describes the bulk viscosity ζ2 in the
superfluid phase.
Our goal is to obtain Kubo formulas for frequency-
dependent generalizations of the long-wavelength viscosi-
ties, η and ζ, in terms of equilibrium correlation func-
tions of the many-body system. The Kubo formulas for
viscosities are often written in terms of the stress-stress
correlators; see, e.g., Sec. 90 of Ref. [18]. However, the
form of the stress tensor (or momentum flux density)
operator Π̂αβ is not obvious, and many different, compli-
cated expressions [19] which are presumably equivalent
can be found in the literature. Part of the problem is to
write down an operator expression for the pressure P in
terms of particle positions and momenta. In high-energy
physics, a simple way to calculate the stress-energy ten-
sor Π̂αβ is to vary the action with respect to the metric in
curved space-time. We prefer, however, to describe non-
relativistic fluids without going to curved space-time.
To begin with, in IIA, we adopt an approach that per-
mits us to get around the complexities of defining the
stress operator Π̂. We consider the linear response of
a fluid to an externally imposed velocity field and derive
Kubo formulas for the bulk and shear viscosities in terms
of current-current correlators. The results of this subsec-
tion are the same as those of Kadanoff and Martin [20].
In II B, we use an operator form of Euler’s equation to
make the connection between bulk and shear viscosities
and stress-stress correlators. In Appendix A, we derive
an alternative form of the stress correlator, which works
only for the shear viscosity in the zero-frequency limit,
but is often used in calculations.
A. Current correlators
We calculate within linear response theory [21, 22] the
current flow in a fluid subjected to an external velocity
field u(r, t) = u(r)e−iωte0
+t which is turned on adiabat-
ically. Our goal is to relate the imaginary part of this re-
sponse function to viscosity through the dissipative part
of the stress tensor.
The response of a fluid to the “moving walls” of its
container is a standard concept in the theory of super-
fluidity [22]. Here, we generalize this analysis to a non-
uniform and time-varying external perturbation u(r, t),
taking the long wavelength limit at the end. We write the
Hamiltonian of the system Hˆ plus external perturbation
Hˆ ′ as [23]
Hˆtotal =
1
2m
N∑
i=1
∫
dr [pˆi −mu(r, t)δ(r− rˆi)]2 + Vˆ
= Hˆ − 1
2
N∑
i=1
∫
dru(r, t) · {pˆi, δ(r−rˆi)}+O[u2], (8)
where pˆi and rˆi are the momentum and position opera-
tors, respectively, for the ith particle, m is the mass, and
Vˆ is the potential energy operator. The anticommutator
{Aˆ, Bˆ} = AˆBˆ + BˆAˆ is used to symmetrize products. We
thus see that to linear order in u, the external perturba-
tion is
Hˆ ′(t) = −m
∫
dre−iωte0
+tu(r) · jˆ(r, t), (9)
where jˆ =
∑N
i=1 {pˆi, δ(r−rˆi)} /2m is the current density
operator.
Linear response theory gives the result [21, 22]
〈jˆα(r, t)〉 = m
∫
dr′
∫ ∞
−∞
dt′e0
+t′e−iωt
′×
χαβJ (r− r′, t− t′)uβ(r′). (10)
Here and below, we use the standard convention of sum-
ming over repeated indices. The retarded current cor-
relation function χαβJ is obtained by using Aˆ = jˆα and
Bˆ = jˆβ in Eq. (11) below.
For later use, we provide a general definition for the
retarded response function, or correlator, for operators Aˆ
and Bˆ:
χA,B(r− r′, t− t′) ≡
iΘ(t− t′)〈[Aˆ(r, t), Bˆ†(r′, t′)]〉. (11)
Here, 〈Qˆ〉 = Tr[Qˆ exp(−Hˆ/T )]/Z is the thermal expec-
tation value at temperature T and Z = Tr[exp(−Hˆ/T )]
is the partition function. The step-function Θ(t− t′) en-
forces causality. We will use the convention of unit vol-
ume Ω = 1 and set ~ = kB = 1, unless explicitly stated
otherwise.
We find the spectral representation for χA,B using the
exact eigenstates and eigenvalues of the fully interact-
ing many-body Hamiltonian Hˆ|a〉 = Ea|a〉, and Fourier
transform the result to obtain
χA,B(q, ω) =
1
Z
∑
a,b
e−Ea/T×
[
〈a|Bˆ†q|b〉〈b|Aˆq|a〉
ω + Eba + i0+
− 〈a|Aˆq|b〉〈b|Bˆ
†
q|a〉
ω − Eba + i0+
]
, (12)
where Eba ≡ Eb − Ea. The quantity of central interest
4to us in this paper is the imaginary part of χ, given by
ImχA,B(q, ω) = π(1 − e−ω/T )
× 1Z
∑
a,b
e−βEa〈a|Aˆq|b〉〈b|Bˆ†q|a〉δ(ω − Eba). (13)
Returning to the problem of interest, we find that
the induced current, obtained by Fourier transforming
Eq. (10), is
〈jˆα(q, ω)〉 = mχαβJ (q, ω)uβ . (14)
χαβJ is given by Eq. (12) with Aˆq = jˆ
α
q and Bˆ
†
q = jˆ
β
−q,
where
jˆαq =
1
2m
∑
kσ
(2kα + qα)cˆ
†
kσ cˆk+qσ (15)
is the current operator with σ denoting the different in-
ternal states of interest (e.g., spin).
Next, we need to relate Eq. (14) to viscosity, using
“constitutive relations” between the current and trans-
port coefficients. For this we use Eqs. (6) and (7) sub-
stituted into Eq. (5), where the symbols jα and Παβ ,
without the hats used for operators, are understood to
denote expectation values. In the long-wavelength limit,
the contributions to the stress tensor coming from vis-
cous terms dominate over contributions from pressure
fluctuations, while the convective term ∂βuαuβ is be-
yond linear order in velocity. We thus get m∂tj
α =
ζ∂α(∇ ·u)+η
[∇2uα + ∂α(∇ · u)/3]. Fourier transform-
ing and comparing with Eq. (14), we obtain
ζqαqβuβ + η
(
q2uα+
1
3
qαqβuβ
)
=−iωm2χαβJ (q, ω)uβ .
(16)
We decompose the current correlation function into its
longitudinal (χL) and transverse (χT ) components:
χαβJ = χL
qαqβ
q2
+ χT
(
δαβ − qαqβ
q2
)
(17)
By taking appropriate q → 0 limits [24] of Eq. (16) we
find
η(ω) = lim
q→0
(−iω)m2χT (q, ω)/q2 (18)
and
ζ(ω) + 4η(ω)/3 = lim
q→0
(−iω)m2χL(q, ω)/q2. (19)
These expressions define the complex shear and bulk vis-
cosities. We will be interested in the properties and sum
rules of the spectral functions :
Re η(ω) = lim
q→0
m2ωImχT (q, ω)/q
2 (20)
and
Re ζ(ω) + 4Re η(ω)/3 = lim
q→0
m2ωImχL(q, ω)/q
2. (21)
The static viscosities η and ζ introduced in Eq. (7) are
η ≡ Re η(ω = 0) and ζ ≡ Re ζ(ω = 0).
In closing this subsection, we note that the Kubo for-
mulas for the viscosity derived here and below are valid
in both the normal and superfluid phases, provided we
recognize that the bulk viscosity in the superfluid state
refers to ζ2, which describes damping associated with
an in-phase motion of the superfluid and normal fluid
components [17]. To understand this in more detail, we
recall Landau’s two-fluid hydrodynamics [17] for the su-
perfluid state. In this theory, three bulk viscosities, ζ1,
ζ2, and ζ3, are required to describe the dissipation as-
sociated with different types of relative motions of the
superfluid and normal components. The longitudinal re-
sponse does not distinguish between the superfluid and
normal components [22] and thus forces the superfluid
and normal fluid velocities to be equal: vs = vn = u.
When both components flow with the same velocity, the
two-fluid hydrodynamic stress tensor [see Eq. (140.5) in
Ref. [17]] reduces to the expression in Eq. (7), with ζ
replaced by ζ2, the bulk viscosity associated with the
damping of the in-phase motions of the superfluid and
normal fluid components. One can also show by direct
application of Eq. (82) to the two-fluid hydrodynamic
density response function in Eq. (B2) that the left-hand
side of Eq. (82) is ζ2+4η/3 in the low-frequency two-fluid
hydrodynamic regime.
B. Stress correlators
We next derive Kubo formulas equivalent to those de-
rived above but expressed in terms of the correlators of
a suitably defined stress tensor operator Π̂αβ . These are
useful to make connections with the literature [3, 25, 26].
We will also use these results in connection with the pos-
itivity of the bulk viscosity spectral function and its van-
ishing for the unitary Fermi gas.
The Π̂αβ operator must satisfy
im[jˆα, Hˆ ] = ∂βΠ̂αβ , (22)
which is the operator version of the Euler equation,
Eq. (5), and is simply a statement of momentum con-
servation. We go to Fourier space and relate matrix ele-
ments of the current operator to those of the stress tensor
by sandwiching Eq. (22) between exact many-body eigen-
states. Using the spectral representation in Eq. (12) we
can then relate the current correlator χαβJ (q, ω) to the
stress correlator χαβ,µνΠ (q, ω). The latter is defined by
choosing Aˆ = Πˆαβ(q) and Bˆ = Πˆµν(−q) in Eq. (12).
For simplicity we calculate only χxxJ , which will suf-
fice for our purposes. The final result, after some simple
5algebra, is
m2ω2χxxJ (q, ω) = qαqβχ
xα,xβ
Π (q, ω)−mqα〈[Π̂xαq , jˆx−q]〉.
(23)
Note that Π̂′αβ = Π̂αβ + Λˆαβ, with any symmetric ten-
sor Λˆ satisfying ∂βΛˆαβ = 0, will also be a solution to
the Euler equation, Eq. (22). This non-uniqueness in
the definition of Π̂ does not affect our final results for
the viscosity, related to χxxJ , since a symmetric Λˆ with
qβΛˆαβ = 0 makes no contribution to Eq. (23).
Using the decomposition given by Eq. (17), and taking
the appropriate limits, we find
m2ω2 lim
q→0
χT
q2
= lim
q→0
[
χxy,xyΠ −
m
q
〈[Π̂xyq , jˆx−q]〉
]
, (24)
where we have taken qx and qz to zero before qy, and
m2ω2 lim
q→0
χL
q2
= lim
q→0
[
χxx,xxΠ −
m
q
〈[Π̂xxq , jˆx−q]〉
]
, (25)
where we have taken qy and qz to zero before qx. We note
that the commutators on the right hand sides of Eqs. (24)
and (25) only affect the real parts of χT and χL and not
the spectral functions of interest, shown in the next two
equations.
Using the Kubo formulas given by Eqs. (20) and (21)
that were derived above, we find
Re η(ω) = lim
q→0
Imχxy,xyΠ (q, ω)/ω (26)
and
Re ζ(ω) + 4Re η(ω)/3 = lim
q→0
Imχxx,xxΠ (q, ω)/ω. (27)
In an isotropic system, in the q → 0 limit, the only
fourth rank tensor allowed by symmetry is of the form
Aδαβδµν + B (δαµδβν + δανδβµ). We can thus combine
Eqs. (26) and (27) to write[
Re ζ − 2
3
Re η
]
δαβδµν + Re η (δαµδβν + δανδβµ)
= lim
q→0
Imχαβ,µνΠ (q, ω)
ω
. (28)
A very useful formula for the bulk viscosity follows
from Eq. (28) by looking at its (xx, yy) component and
combining it with the (xx, xx) component in Eq. (27).
Using the summation convention, we thus obtain
Re ζ(ω) = lim
q→0
Imχαα,ββΠ (q, ω)
9 ω
. (29)
We emphasize again that the Kubo formulas for
the bulk and shear viscosities expressed in terms of
the stress-stress correlation function are equivalent to
those expressed in terms of current-current correlations,
Eqs. (20) and (21). The two sets of equations are sim-
ply related by the exact conservation law, Eq. (22).
Above, we focused on the dissipative parts of the re-
sponse, i.e., the real parts of the viscosities. Compar-
ing Eqs. (18) and (19) with Eqs. (24) and (25), we see
that the imaginary part of η and the imaginary part of
(4η/3 + ζ) are not given by limω→0 limq→0Reχ
xy,xy
Π /ω
and limω→0 limq→0 Reχ
xx,xx
Π /ω, respectively. Im η and
Im ζ, when written in terms of stress correlators, also
involve the frequency-independent, equal-time commu-
tator terms in Eqs. (24) and (25). This point seems to
be missed in treatments that start out with the stress
correlator formalism. The imaginary parts of the trans-
port coefficients are most simply expressed in terms of
the current correlation functions, Eqs. (18) and (19). In
the ω → 0 limit, the validity of this assertion can be
seen quite independently from hydrodynamics (see Ap-
pendix B). Allowing η to be complex in the hydrody-
namic expression for the transverse current correlation
function in Eq. (B7), for instance, one can readily confirm
that the imaginary part of the shear viscosity is indeed
given by Eq. (18).
III. SHEAR VISCOSITY AND NORMAL FLUID
DENSITY
In this Section we discuss the relation between the
static shear viscosity Re η(ω = 0) and the normal fluid
density ρn, both of which can be written in terms of the
transverse current-current correlation function. This al-
lows us to prove that a non-zero normal fluid density ρn is
a necessary condition for a non-vanishing shear viscosity
η. This is, perhaps, not entirely unexpected on physical
grounds, but we are unaware of a microscopic proof, valid
for all Galilean invariant Bose or Fermi quantum fluids,
that does not rely on a quasiparticle approximation.
Before turning to the calculation, it may be useful to
review some elementary facts about the shear viscosity
η. Given that there is a Kubo formula for η(ω) in terms
of the current-current correlation function, Eq. (20), and
that in kinetic theory η is proportional to the mean free
path, it may seem natural to assume that the shear vis-
cosity of a fluid is the analog of metallic conductivity.
This, however, is completely misleading. The shear vis-
cosity is, in fact, the analog of the resistivity. This is
clear, e.g., from the classical formula of Poiseuille for the
flow rate Q = πR4∆P/(8ηL), with a pressure difference
∆P across a cylindrical pipe of radius R and length L.
We will see below that zero viscosity in a superfluid is
the analog of zero resistance in a superconductor.
We begin by rewriting the Kubo formula for the shear
viscosity, given by Eq. (20), using the spectral represen-
6tation in Eq. (13):
Reη(ω) = lim
(T )
πm2
Z
∑
a,b
[
e−βEa − e−βEb]Eba
×|〈b|jˆ
x
q|a〉|2
q2
δ(ω − Eba), (30)
Here and below, the “transverse limit”, denoted by
lim(T ), means that for χ
xx
J we first set qx = 0 and then
take the limit qy → 0.
The normal fluid density ρn characterizes the response
of a fluid to moving walls and determines the moment
of inertia of a cylinder containing the fluid; see, e.g., the
detailed discussion in Refs. [22, 27]. It is defined in terms
of the real part of the static transverse current correlator:
ρn = lim
q→0
m2ReχT (q, ω = 0). (31)
Using the spectral representation in Eq. (12) for χxxJ , we
can rewrite this result as
ρn = lim
(T )
m2
Z
∑
a,b
[
e−βEa − e−βEb]
Eba
|〈b|jˆxq |a〉|2. (32)
Our goal now is to understand the connection between
the shear viscosity η, which is obtained by taking the
limω→0 limq→0 of ImχT in Eq. (30), and the normal
fluid density ρn, which is the limq→0 limω→0 of ReχT
in Eq. (30). In lattice models of superconductors, it
has been suggested [28] that the order of the q and ω
limits can be safely interchanged for the transverse cur-
rent correlator, because all “transverse” excitations are
gapped (unlike longitudinal excitations such as phonons
in charge-neutral systems). However, this argument is
not valid for the systems of interest to us. This can be
seen, e.g., from the hydrodynamic form of χT in Eq. (B7)
which has a “diffusion pole” that makes the order of lim-
its quite different.
To prove the result stated at the beginning of this Sec-
tion, we will show that ρn = 0 implies η = 0. The start-
ing condition ρn = 0 makes sense only at T = 0, since
at any finite temperature there will necessarily be some
thermal excitations. Furthermore, the vanishing of the
normal fluid density
ρn = lim
(T )
2m2
∑
b
|〈b|jˆxq |0〉|2
Eb0
(33)
at T = 0 implies that each term in the sum
∑
b over
states vanishes. This means that, for each state |b〉, if
the excitation energy varies as lim(T )Eb0 ∼ qαb , with
αb ≥ 0, then the matrix element of the current operator
vanishes even faster: lim(T ) |〈b|jˆxq |0〉| ∼ qαb+βb with βb >
0. Note that we are not making any assumptions about
the nature of the spectrum since both gapless (αb > 0)
and gapped (αb = 0) excitations are permitted. In either
case, the matrix element of jˆxq vanishes, since the q → 0
limit of jˆxq is the total momentum, which commutes with
the Hamiltonian in a Galilean invariant system. It is only
in such a system that ρn vanishes at T = 0 [27, 29].
Now that we have constrained the matrix elements for
any form of the excitation spectrum given ρn = 0, we
now ask how these constraints impact the shear viscosity.
We look separately at the contribution from gapless and
gapped states to Eq. (30), which at T = 0 can be written
as
η(ω) = lim
(T )
πm2
∑
b
Eb0
|〈b|jˆxq |0〉|2
q2
δ(ω − Eb0). (34)
Each gapless state b, with αb > 0, will contribute a term
lim(T ) q
2αb+βb−2δ(ω − Abqαb), which gives a vanishing
contribution [30] in the limit q → 0 for all ω > 0. Finally
taking the ω → 0 limit, we find that the contribution of
the gapless states to η vanishes.
Next, consider the gapped states with αb = 0, so
that lim(T )Eb0 ≡ ∆b > 0. Their contribution to
Eq. (34) yields an expression of the form η(ω) =
lim(T )
∑′
b Cbq
βb−2δ(ω − ∆b), where the prime indicates
a sum over all gapped states. This result contributes to
both the η sum rule and the high-frequency tail that we
will derive later in the paper. The important point here
is that for 0 < ω < min′b {∆b}, i.e., below the minimum
gap of all excitations, η(ω) = 0.
Thus, we conclude that the vanishing of the normal
fluid density implies that the static limit of the shear
viscosity vanishes as well: η = 0. This means that the
Galilean invariant ground state of a superfluid has zero
shear viscosity [31]. This is similar to the zero d.c. re-
sistivity of a charged superconductor, as already men-
tioned at beginning of this Section. There is, however,
an important difference in that the vanishing resistivity
persists all the way up to the transition temperature Tc.
Even though there are normal fluid excitations in a su-
perconductor, the infinite conductivity of the condensate
“shorts out” the normal fluid in a superconductor. In
marked contrast, in a neutral superfluid, η vanishes only
at T = 0. For 0 < T < Tc, even though a condensate
exists, the normal fluid excitations give rise to a non-zero
shear viscosity.
IV. POSITIVITY OF SPECTRAL FUNCTIONS
We simplify notation and write from now on
η(ω) ≡ Re η(ω) and ζ(ω) ≡ Re ζ(ω), (35)
unless explicitly stated otherwise. This should cause no
confusion since we will not be dealing with the corre-
sponding imaginary parts. Before deriving sum rules for
η(ω) and ζ(ω) in Section V, it is important to discuss
here their positivity properties. Every time we say ‘pos-
itive’ we actually mean ‘non-negative’, a term we find
awkward for repeated use. We will show that
η(ω) ≥ 0 and ζ(ω) ≥ 0 ∀ω. (36)
7The simplest approach is to make explicit use of the spec-
tral representation. We will see that this is sufficient to
prove the positivity of η(ω), but not that of ζ(ω). To
prove the latter, we will calculate the power absorbed
by the fluid from an external velocity perturbation with
∇ · u 6= 0.
Let us begin with Eqs. (20) and (21) and use the spec-
tral representation given by Eq. (13) with Aˆq = jˆ
x
q and
Bˆ†q = jˆ
x
−q. The transverse and longitudinal components
are obtained, as usual, by taking suitable q → 0 lim-
its [24]. Using |〈n|jˆx−q|m〉|2 ≥ 0 and ω[1−exp(−βω)] ≥ 0
for all ω, we see that both ωImχT (q, ω) and ωImχL(q, ω)
are positive. Thus we obtain
η(ω) ≥ 0 and ζ(ω) + 4η(ω)/3 ≥ 0 ∀ω. (37)
The inequality for ζ(ω) is much weaker than what we
wish to prove. One reason to expect that a stronger result
should exist for ζ(ω) is that it is known from hydrody-
namics (see Sec. 49 of Landau and Lifshitz [17]) that the
static bulk viscosity ζ(0) must be positive. To generalize
this to all frequencies, we exploit the idea that the time-
averaged power absorbed by the system from an external
perturbation is necessarily positive.
The rate at which the external velocity perturbation
given by Eq. (9) does work on the fluid is given by
dW
dt
= iωm
∫
dre−iωte0
+tu(r) · 〈jˆ(r, t)〉. (38)
Following Ref. [32], one finds that the time average of the
power absorbed by the fluid is
dW
dt
=
m2
2
∑
q
uα(−q)
[
ωImχαβJ (q, ω)
]
uβ(q) > 0. (39)
dW/dt > 0 follows from the fact that energy can only
be dissipated for any choice of the external velocity
field. This implies that the real, symmetric matrix
ωImχαβ(q, ω) must be positive definite, which is equiva-
lent to the positivity of its eigenvalues. Using Eq. (17),
we see that these eigenvalues are precisely ωImχL(q, ω)
and ωImχT (q, ω), so that we simply rederive Eq. (37),
and do not obtain ζ(ω) ≥ 0.
To constrain ζ(ω), without any η(ω) contribution, we
must look at an external velocity field u(r, t) = u(r)e−iωt
with u(r) = ar, where a = (∇ · u) /3 is spatially uniform.
To analyze the effect of such a perturbation, we first need
to rewrite Eq. (39) in terms of the stress correlator so
that ∂αuβ is directly involved. Second, u(r) = ar is not
Fourier transformable, so we must work in r-space, rather
than q-space used elsewhere in the paper.
We use the same derivation that led from the operator
Euler equation given by Eq. (22) to Eq. (23), to get
m2ω2ImχαβJ (q, ω) = qµqνImχ
αµ,βν
Π (q, ω). (40)
Using this in Eq. (39) and rewriting the resulting expres-
sion in real space, we get
dW
dt
=
1
2
∫
dr
∫
dr′×
∂αuµ(r)
[
Imχαµ,βνΠ (r− r′, ω)
ω
]
∂βuν(r
′), (41)
which must hold for arbitrary velocity fields u(r).
To isolate the contribution of the bulk viscosity, we
choose the velocity field u = ar, for which the shear
term (in square brackets) in the viscous stress tensor,
Eq. (7), vanishes. Using ∂αuβ = aδαβ in Eq. (41) we
get Imχαα,ββΠ (q → 0, ω)/ω ≥ 0. From the result given
by Eq. (29) for the bulk viscosity, it immediately follows
that ζ(ω) ≥ 0 for all ω.
V. SUM RULES
We now derive sum rules for the shear and bulk vis-
cosities,
∫∞
0
dωη(ω) and
∫∞
0
dωζ(ω). We will first show
that
1
π
∫ ∞
0
dω lim
q→0
ω
q2
ImχxxJ (q, ω) =
lim
q→0
〈[jˆx−q, [Hˆ, jˆxq]]〉
2q2
+ lim
ω→0
lim
q→0
ω2
2q2
ReχxxJ (q, ω). (42)
Then we will simplify the two terms on the right hand
side of Eq. (42): the first term by explicit evaluation of
the commutators, and the second by appealing to hydro-
dynamics.
To see what is involved in deriving Eq. (42), let us
first be na¨ıve and ignore the q → 0 limit. Evaluating the
integral on the left hand side by using the spectral repre-
sentation in Eq. (13) for ImχxxJ , we only obtain the first
commutator term on the right. But taking the q → 0
limit after doing the ω-integration is not the same as in-
terchanging the order of these operations! In order to
do it correctly (q → 0 limit before the ω-integration),
we exploit the Kramers-Kronig (K-K) relations to evalu-
ate the integral in Eq. (42). The only subtle point in this
approach is that we need to ensure that the analytic func-
tions which we K-K transform decay sufficiently rapidly
for ω →∞.
Using the expression in Eq. (12), it is straightforward
to expand the current correlator in powers of ω−1 for
large frequencies. One finds [33],
lim
ω→∞
χxxJ (q, ω) =
〈[jˆx−q, jˆxq ]〉
ω
− 〈[jˆ
x
−q, [Hˆ, jˆ
x
q]]〉
ω2
+ . . . .
(43)
The ω−1 term vanishes since 〈[jˆx−q, jˆxq ]〉 =
−(2qx/m2)
∑
kσ nkσkx = 0 in a uniform system.
We further note that this expansion is strictly valid
8only for a smooth potential [34], a point which we will
elaborate on in later Sections.
Let us define a function F (ω) as
F (ω) ≡ lim
q→0
ω2
q2
[
χxxJ (q, ω) +
〈[jˆx−q, [Hˆ, jˆxq ]]〉
ω2
]
, (44)
where the q → 0 limit is defined appropriately [24] for
the longitudinal and transverse cases. From Eq. (43), we
see that limω→∞ F (ω) vanishes at least as fast as ω
−1
and we can K-K transform it. We thus obtain
lim
ω→0
ReF (ω) =
P
π
∫ ∞
−∞
dω′
ImF (ω′)
ω′
(45)
=
2
π
∫ ∞
0
dω′ lim
q→0
ω′
q2
ImχxxJ (q, ω
′).
where we have used the fact that ωImχxxJ (q, ω) is an even
function of ω. Using Eq. (44) on the left-hand side of
this expression immediately leads to the result, Eq. (42),
quoted above.
As mentioned earlier, limω→0 limq→0(ω
2/2q2)ReχxxJ in
Eq. (42) arises from the noncommutativity of the ω → 0
and q → 0 limits. Since this term involves the zero-
frequency, long-wavelength limit where hydrodynamics
is applicable, we can use hydrodynamic expressions for
the current correlation function to evaluate it. In Ap-
pendix B, we review such expressions and show that for
any simple hydrodynamic liquid, one has
lim
ω→0
lim
q→0
m2ω2
2q2
ReχT (q, ω) = 0,
(46)
lim
ω→0
lim
q→0
m2ω2
2q2
ReχL(q, ω) = −ρc
2
s
2
,
where the adiabatic sound speed is cs ≡ (∂P/∂ρ)1/2 at
fixed s = S/N . Equation (46) is valid for both normal
fluids and superfluids (within two-fluid hydrodynamics).
Combining Eqs. (20), (21), (42), and (46), we find the
following sum rules:
1
π
∫ ∞
0
dωη(ω) = lim
q→0
m2〈[jˆx−q, [Hˆ, jˆxq]]〉T
2q2
, (47)
1
π
∫ ∞
0
dω
[
ζ(ω)+
4η(ω)
3
]
= lim
q→0
m2〈[jˆx−q, [Hˆ, jˆxq]]〉L
2q2
− ρc
2
s
2
.
(48)
Here, 〈· · · 〉T (L) denotes the q → 0 limit appropriate to
the transverse (longitudinal) case [24].
The last remaining step in our derivation is to evaluate
the commutators in Eqs. (47) and (48). We consider a
system of fermions or bosons described by the Hamilto-
nian
Hˆ = Kˆ + Vˆ (49)
=
∑
kσ
εkcˆ
†
kσ cˆkσ+
1
2
∑
kk′p
σσ′
V (p)cˆ†k+pσ cˆ
†
k′−pσ′ cˆk′σ′ cˆkσ.
For a single-component Bose system, σ = σ′ assumes one
value; for fermions, σ =↑, ↓ can take one of two “spin”
values. It is straightforward, but tedious, to evaluate the
commutator in Eq. (42) for this Hamiltonian. One finds,
for both fermions and bosons,
m2
2
〈[jˆx−q, [Hˆ, jˆxq]]〉 = (50)
〈Kˆ〉
3
(
2q2x + q
2
)
+ n
q2q2x
8m
− 1
2
〈〈2V (p)p2x
− V(|p− q|)(px−qx)2 − V(|p+ q|)(px+qx)2〉〉.
Here, 〈Kˆ〉 = ∑kσ εknkσ is the kinetic energy density,
and we have introduced the shorthand notation
〈〈Q〉〉 ≡ 1
2
∑
kk′p
σσ′
Q〈cˆ†k+pσ cˆ†k′−pσ′ cˆk′σ′ cˆkσ〉. (51)
Related expressions specific to Bose liquids are given in
Ref. [35]. We also note in passing that the longitudi-
nal component of Eq. (50) is related by Eq. (B1) to the
so-called “〈ω3〉 sum rule” discussed for electronic sys-
tems [36].
The right-hand side of Eq. (50) varies as q2 as q → 0,
which cancels the 1/q2 in Eqs. (47) and (48). Evaluating
the transverse and longitudinal limits of Eq. (50), one
finds the following viscosity sum rules:
1
π
∫ ∞
0
dωη(ω) =
ε
3
− 〈Vˆ 〉
3
+
2V
′
15
+
V
′′
30
(52)
and
1
π
∫ ∞
0
dωζ(ω) =
5ε
9
+
4〈Vˆ 〉
9
+
5V
′
9
+
V
′′
18
− ρc
2
s
2
. (53)
Here, ε = 〈Kˆ〉+ 〈Vˆ 〉 is the total energy density, 〈Vˆ 〉 the
potential energy density, and the terms V
′
and V
′′
are
defined using Eq. (51) as
V
′ ≡ 〈〈p (∂V /∂p)〉〉 and V ′′ ≡ 〈〈p2 (∂2V /∂p2)〉〉 . (54)
These sum rules are valid at all temperatures (i.e., in
the superfluid as well as normal phase) for any Bose
or Fermi system with an arbitrary, spin-independent,
isotropic interaction potential V (p). We emphasize
that these are exact results obtained without making
any quasiparticle approximations. In the next Section
(Sec. VI), we simplify these sum rules for the case of a
two-component Fermi gas with short range interactions,
which is of relevance to experiments on ultracold atomic
Fermi gases with Feshbach scattering resonances.
Before closing this Section, let us briefly discuss viscos-
ity sum rules using the stress correlator representation.
For the shear viscosity spectral function, the sum rule∫ ∞
0
dωη(ω) =
1
π
∫ ∞
0
dω lim
q→0
Imχxy,xyΠ (q, ω)
ω
= lim
ω→0
lim
q→0
1
2
Reχxy,xyΠ (q, ω) (55)
9follows trivially from the Kramers-Kronig relation. To
show that this is the same as Eq. (47), we use Eq. (24) in
the second line of Eq. (55). One can rewrite the commu-
tator in Eq. (24) using the Fourier transform of Eq. (22),
and set ω2ReχT /q
2 to zero using the hydrodynamic re-
sult, Eq. (46), to obtain Eq. (47).
VI. DILUTE TWO-COMPONENT FERMI GAS
We now specialize to the case of a two-component
Fermi gas in the dilute limit, where the effective range r0
of the potential (van der Waals at “long” distances, with
r0 ∼ 100a0) is much smaller than the s-wave scattering
length a and the mean interparticle spacing k−1F . (In
typical experiments, k−1F ∼ 1µm and 500a0 . |a| . ∞.)
In the zero range limit r0 → 0, all physical observables
are universal (r0-independent) functions of the energy
scale ǫF (or length scale k
−1
F ) and the dimensionless pa-
rameters T/ǫF (temperature) and 1/(kFa) (interaction).
We will show that for Fermi gases, the results given by
Eqs. (52) and (53) of the previous Section, reduce to the
simple expressions given by Eqs. (2) and (3) in the Intro-
duction.
Our main task is to calculate the terms V
′
and V
′′
,
involving gradients of the interaction potential, defined
in Eq. (54). We use the real-space approach developed by
Zhang and Leggett [37], which is a simple way to derive
results first obtained by Tan [14, 38]. Using the two-body
density matrix
F(r) =∫
d3R
〈
ψˆ†↑(R+
r
2
)ψˆ†↓(R−
r
2
)ψˆ↓(R− r
2
)ψˆ↑(R+
r
2
)
〉
(56)
we rewrite V
′
and V
′′
in real space as
V
′
=
∫
d3r r
∂V (r)
∂r
F(r) (57)
and
V
′′
=
∫
d3r r2
∂2V (r)
∂r2
F(r). (58)
Since V (r) is short-ranged, these expressions are only
sensitive to the short-distance (r0 . r ≪ k−1F ) structure
of the two-body density matrix. (The non-universal con-
tribution from distances smaller than r0 is assumed to be
small.) For a two-component dilute Fermi gas, at these
short distances, the two-body density matrix is [37]
F(r) = C
16π2
(
1
r
− 1
a
)2
. (59)
Here, C is the contact [14, 37, 38] mentioned in the In-
troduction. In Appendix C we remind the reader how
the contact C governs both the short-distance behav-
ior of the two-body density matrix in Eq. (59), and
the large-k tail of the momentum distribution function
limk→∞ nkσ = C/k
4.
Using integration by parts, we transform gradients of
the potential V (r) in Eqs. (57) and (58) into gradients of
the two-body density matrix, Eq. (59). We thus find
V
′
=
C
4π
∫
drV (r) (−1 + 4r/a) (60)
and
V
′′
=
C
2π
∫
drV (r) (1− 6r/a) . (61)
All that remains is to evaluate the two integrals Xn =
C
∫
drV (r)(r/a)n/4π with n = 0, 1 in the limit where the
range of the potential r0 → 0. The Tan relations are pre-
cisely what we need to evaluate such (possibly divergent)
integrals. The details of this analysis are described in Ap-
pendix C. We use the potential energy density [14, 38]
〈Vˆ 〉 = − CΛ
2π2m
+
C
4πma
, (62)
where Λ ≡ 1/r0 is the ultraviolet cutoff , and the pressure
P = 2ε/3 + C/(12πma) (63)
to determine X0 and X1. In deriving these results, we
also use an expression for the pressure P in terms of ε,
〈Vˆ 〉 and V ′ which is derived in Appendix D using the
Feynman-Hellmann theorem.
Our final results for V
′
and V
′′
, derived in Appendix
C, are
V
′
= −〈Vˆ 〉 − 2ε+ 3P = CΛ/2π2m (64)
and
V
′′
= 2〈Vˆ 〉+ 8ε− 12P = − CΛ
π2m
− C
2πma
(65)
Using these results in the general sum rules given by
Eqs. (47) and (48), we obtain the η and ζ sum rules for
the two-component dilute Fermi gas which are valid for
all values of 1/(kFa) throughout the BCS-BEC crossover,
so long as a, k−1F ≫ r0, and at all temperatures, both in
the superfluid and normal phases, so long as T ≪ 1/mr20.
For the shear viscosity, we find∫ Λ2/m
0
dω η(ω)/π = ε/3− 2〈Vˆ 〉/5
=
ε
3
− C
10πma
+
CΛ
5π2m
, (66)
where we have imposed the energy cutoff Λ2/m =
1/mr20 [39]. In the zero-range limit as Λ = 1/r0 → ∞,
the right hand side diverges. (Strictly speaking, every
physical potential has a small non-zero effective range r0,
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which leads to a well-defined, finite results, but one that
is “non-universal” in that it depends on short distance
physics.) We will see in the following Section, Sec. VII,
how to make sense of this divergence and find a modified
sum rule that remains finite as r0 → 0.
For the bulk viscosity we find∫ ∞
0
dω ζ(ω)/π = P − ε/9− ρc2s/2 (67)
=
5ε
9
+
C
12πma
− ρc
2
s
2
. (68)
Below the superfluid transition, the bulk viscosity ζ that
enters Eq. (3) is the bulk viscosity ζ2, as explained earlier.
We can rewrite the right hand side of this sum rule in
a useful way using simple facts about the scaling form
of thermodynamic functions across the entire BCS-BEC
crossover, as described in detail in Appendix E. The final
result is∫ ∞
0
dω ζ(ω)/π =
1
72πma2
(
∂C
∂a−1
)
s
, (69)
where the derivative is taken at constant entropy per par-
ticle s = S/N . The positivity of the sum rule, given that
of its integrand, implies that the contact is a monotoni-
cally increasing function of 1/(kFa) through the BCS-
BEC crossover. We will discuss this further in Sec-
tion VIII.
VII. HIGH-FREQUENCY TAILS
In this Section we derive a modified shear viscosity
sum rule that is manifestly finite in the Λ = 1/r0 →
∞ limit. This is obtained by relating the linear (in Λ)
divergence in the sum rule, Eq. (66), to a high-frequency
tail in η(ω) ∼ 1/√ω, and then “subtracting out” the
contribution of this tail. We use “high frequency” or
ω → ∞, to mean ǫF ≪ ω . 1/mr20. We also argue that
a high-frequency tail of the form ω−n/2, with odd integer
n, in a variety of spectral functions is a generic feature
of short-range physics. As discussed below, it shows up
in many contexts, even outside dilute quantum gases.
We can rewrite the η sum rule in Eq. (66) as
1
π
∫ ∞
0
dω
[
η(ω)− CΘ(ω − Ω0)
10π
√
mω
]
=
ε
3
− C
10πma
+
C
5π2
√
Ω0
m
, (70)
where Ω0 is an arbitrary energy scale. If we choose Ω0
to be Λ2/m we recover Eq. (66). But for any finite Ω0,
subtracting out the ω−1/2 tail makes the integral ultravi-
olet convergent and we can take the cutoff Λ to infinity.
If we choose Ω0 = 0, we obtain the finite sum rule
1
π
∫ ∞
0
dω
[
η(ω)− C
10π
√
mω
]
=
ε
3
− C
10πma
. (71)
The price we pay for using this finite, r0-independent re-
sult (in the r0 → 0 limit) is that we sacrifice the positivity
of the integrand. At sufficiently small ω, we must nec-
essarily have η(ω) < C/(10π
√
mω) since η(0) is finite.
One can, in principle, exploit the freedom in Eq. (70)
and choose Ω0 to be large enough so that the integrand
is always positive, however.
The finiteness of the right hand side of Eq. (71) implies
that the integrand on the left must vanish at least as fast
as ω−3/2 for the integral to converge at large ω. Thus
the asymptotic behavior of the spectral function η(ω) is
of the form
η(ω →∞) ≃ C
10π
√
mω
. (72)
We note that a high-frequency tail in the imaginary
part of a retarded correlation function which goes like
ω−n/2, with positive integer n, is a general feature of
short-range two-body physics. Suppose that for some
operator Aˆ, the corresponding n-th moment sum rule
has the form
1
π
∫ ∞
0
dωωnImχA,A(ω) = α〈V 〉+ · · · , (73)
where we only show the divergent term explicitly; the
ellipses denote regular terms. α is some combination of
parameters and is not, in general, dimensionless. In addi-
tion to the current correlation function (n = 1), diverging
sum rules of the form given by Eq. (73) arise for the ra-
dio frequency (RF) spectral function (n = 1) [40], and,
as we show below, the density response function (n = 3).
Using the same reasoning as above, a divergence of the
form given by Eq. (73) implies a high-frequency tail. For
a dilute two-component Fermi gas with a≫ r0, the high-
frequency tail is given by
ImχA,A(ω →∞) ≃ αC
4πm1/2
1
ωn+1/2
. (74)
As seen from the above arguments, an ω−3/2 tail arises
in the radio-frequency spectroscopy response function
I(ω) [41, 42] for Fermi gases. Another interesting ex-
ample is the ω−7/2 tail in the density response of a dilute
Fermi gas which we derive in Section IX. There, we also
point out that an identical asymptotic behavior is found
for the dense Bose liquid 4He, which further emphasizes
the generality of the short-distance physics in all quan-
tum fluids.
VIII. SUM RULES THROUGH THE BCS-BEC
CROSSOVER
In this Section we consider the bulk and shear vis-
cosity sum rules through the BCS-BEC crossover, going
from the weakly attractive BCS limit (a small and nega-
tive) with large Cooper pairs to the BEC limit (a small
and positive) with weakly interacting, tightly bound
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FIG. 1: (Color online) The value of the bulk viscosity sum
rule given by the right-hand side of Eq. (69) at T = 0 in units
of nǫF through the BCS-BEC crossover.
molecules. The crossover can be traversed by changing
x = 1/(kFa) from x = −∞ (BCS limit) to x = +∞
(BEC limit). In experiments, the scattering length a is
varied by tuning a magnetic field about a Feshbach res-
onance. Precisely at resonance, x = 0, the scattering
length diverges and the Fermi gas is in a very strongly
interacting “unitary regime” where the pair size is of the
order of the interparticle spacing.
To actually compute the viscosity sum rules given by
Eqs. (69) and (71) for arbitrary coupling x = 1/(kFa)
and temperature T , we need to know the energy den-
sity ε = nǫFE(x, T/ǫF ), from which we can determine
the contact C as described below. In general, we will
need to use quantum Monte Carlo (QMC) data for the
energy density to evaluate the sum rules. However, as
shown below, we are able to analytically constrain the
bulk viscosity spectral function at unitarity.
We see from Eq. (69) that the bulk viscosity sum rule
vanishes at unitarity:
1
π
∫ ∞
0
dω ζ(ω) = 0 (|a| =∞). (75)
We are using here the fact that (∂C/∂a−1)s is finite (i.e.,
non-infinite) at x = 1/(kFa) = 0 at all temperatures.
One can also see this using elementary arguments that
do not involve the contact. From “universal thermo-
dynamics” [43], the only energy scales at unitarity are
ǫF and the temperature, and we can directly show that
P − ε/9− ρc2s/2 = 0 (see Appendix E).
The vanishing sum rule, Eq. (75), together with the
positivity condition ζ(ω) ≥ 0 derived in Section IV, im-
plies
ζ(ω) = 0 ∀ω (|a| =∞). (76)
That the static bulk viscosity ζ(0) vanishes is a well-
known consequence [15] of scale or conformal invariance
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FIG. 2: (Color online) The value of the finite shear viscosity
sum rule, with the contribution from the high-frequency tail
in Eq. (72) subtracted out, given by the right-hand side of
Eq. (71) at T = 0 in units of nǫF through the BCS-BEC
crossover.
at unitarity [44]. Our result generalizes this to arbitrary
frequencies. As discussed below in Section IX, our result
actually has important implications for measuring the
frequency dependent shear viscosity of a unitary Fermi
gas using a density probe such as two-photon Bragg scat-
tering.
Another general consequence of ζ(ω) ≥ 0 is that its
sum rule must be positive for all x = 1/(kFa) and T .
Equation (69) then implies that(
∂C
∂a−1
)
s
≥ 0 ∀a, (77)
so that the contact must be a monotonically increasing
function of 1/(kFa) through the BCS-BEC crossover at
fixed entropy per particle. We can understand this in-
equality intuitively as follows: the contact C, which is
related to the probability of finding two particles of op-
posite spin close to each other, can only increase with
increasing attraction a−1.
In Fig. 1 we show the bulk viscosity sum rule in
Eq. (69) at T = 0 calculated using QMC data [45] for
the energy density ε. The contact C is obtained from ε
using Tan’s “adiabatic relation” [14](
∂ε/∂a−1
)
s
= −C/(4πm), (78)
where the derivative is taken at fixed entropy per particle
s ≡ S/N . We fitted the QMC data and took numerical
derivatives with respect to a−1. Since the ζ sum rule
involves the second derivative of QMC data for the energy
density, the results may not be very accurate far from
unitarity in either direction.
Both the vanishing of the ζ sum rule at x = 1/(kFa) =
0 and its positivity away from unitarity are apparent in
Fig. 1. This is due to the 1/a2 dependence of the sum
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rule in the vicinity of unitarity. We emphasize the non-
triviality of the result given by Eq. (69) in the unitarity
region. In the form first derived in Eq. (68), the right
hand side is (P − ε/9−ρc2s/2). Each term in this expres-
sion has both constant and order x contributions, which
must all cancel to give a final result which goes like x2
at small x. In the BCS limit, the ζ sum rule vanishes as
2nǫF/(27π|x|) since C → 4π2n2a2s [14]. In the BEC limit,
the energy density is dominated by the negative molec-
ular binding energy, ε ≈ nEb/2, with Eb = −1/(ma2).
Thus, C → 4πn/a and the sum rule grows as n|Eb|/18.
Next, in Fig. 2, we plot the shear viscosity sum rule
given by Eq. (71) at T = 0 again using the QMC data
of Ref. [45]. Because of the 1/
√
ω subtraction extending
all the way down to ω = 0, the η sum rule in Eq. (71)
is not constrained to be positive. Using the above an-
alytic result for the contact in the BCS limit, one finds
that the η sum rule asymptotes to 0.2nǫF in the BCS
limit. At unitarity, |a| = ∞ and the η sum rule is
ε/3 ≃ 0.4 × (3nǫF/5) × (1/3) = 0.08nǫF . On the BEC
side of the resonance the sum rule changes sign, tending
to (17/30)nEb in the BEC limit.
IX. DYNAMIC STRUCTURE FACTOR
We now discuss the connection between viscosity and
the density-density correlator or dynamic structure fac-
tor. This analysis leads to two interesting results for the
two-component Fermi gas. First, we predict that a den-
sity probe such as two-photon Bragg spectroscopy [46]
can in principle be used to measure the frequency depen-
dent η(ω) at unitarity:
η(ω) = lim
q→0
3ω3
4q4
Imχρρ(q, ω) (|a| =∞). (79)
Second, we derive the high-frequency tail [16]
lim
ω→∞
lim
q→0
S(q, ω) =
2q4C
15π2m1/2
1
ω7/2
, (80)
a result that is valid for all 1/(kFa) and all tempera-
tures. As discussed below, such non-analytic tails are
also known in other strongly interacting quantum fluids
like 4He.
We start with the operator form of the continuity equa-
tion
i[ρˆ, Hˆ ] = m∂αjˆα, (81)
where ρˆ = mnˆ is the mass density operator, and take its
matrix elements between exact many-body eigenstates.
Using the spectral representation, Eq. (12), we relate
the density correlator χρρ to the the longitudinal cur-
rent correlator [see Eq. (B1)]. The latter is related to the
viscosity as shown in Eq. (21), namely ζ(ω) + 4η(ω)/3 =
limq→0m
2ωImχL(q, ω)/q
2. We thus obtain
ζ(ω) + 4η(ω)/3 = lim
q→0
ω3Imχρρ(q, ω)/q
4. (82)
We discuss two situations where the contribution of ζ(ω)
vanishes and we can obtain interesting results connecting
η(ω) and density correlations.
First, we focus on the unitary Fermi gas where ζ(ω)
vanishes at all ω (as shown in Section VIII) and Eq. (82)
simplifies to Eq. (79). Thus, the frequency-dependent
shear viscosity η(ω) in a unitary Fermi gas can in princi-
ple be measured using an experiment like Bragg scatter-
ing, which directly probes Imχρρ.
Second, let us look at the high-frequency regime ǫF ≪
ω . 1/(mr20). The ζ sum rule in Eq. (68) is convergent in
the r0 → 0 limit, and thus ζ(ω) must decay faster than
1/ω, while η(ω) ∼ 1/√ω (see Section VII). Thus, as
ω →∞, the bulk viscosity ζ(ω) is much smaller than the
shear viscosity η(ω) for all 1/(kFa) and all T/ǫF . Using
Eq. (82) we thus find
η(ω →∞) ≃ lim
ω→∞
lim
q→0
3ω3
4q4
Imχρρ(q, ω)
= lim
ω→∞
lim
q→0
3πω3
4q4
S(q, ω), (83)
The dynamic structure factor S(q, ω) is related to Imχρρ
via the fluctuation-dissipation theorem
S(q, ω) =
Imχρρ(q, ω)
π[1 − exp(−βω)] . (84)
Our final result, given by Eq. (80), for the high-frequency
tail of S(q, ω) is obtained by using the high-frequency
tail, Eq. (72), of η(ω) in Eq. (83).
The high-frequency ω−7/2 tail of the dynamic structure
factor result is a universal feature of short-range two-
body interactions. Remarkably, such a tail was first no-
ticed in deep inelastic neutron scattering studies of super-
fluid 4He [47] and was subsequently understood in terms
of hard-sphere gases [48]. The high-frequency neutron
scattering experiments probe the short distance proper-
ties of the two-body pair distribution function. [In dilute
Fermi gases, this is directly related to the contact C; see
Eq. (59)]. It may seem surprising that such anomalous
high-frequency tails arise even in dense systems like 4He.
Recall that this behavior should be visible in a frequency
range n2/3/m < ω < 1/mr20 in which the interaction
“looks” short-range. Even in 4He, where nr30 . 1, such
a frequency range can be found using deep inelastic neu-
tron scattering, although the range is obviously much
smaller than in dilute gases with nr30 ≪ 1.
X. COMPARISON WITH SUM RULES FOR
RELATIVISTIC FIELD THEORIES
There has been a considerable effort in the high-energy
literature to understand the properties of viscosity spec-
tral functions and their sum rules; see, e.g., Refs. [49–
51]). In addition to understanding the transport coeffi-
cients within the AdS/CFT framework, this work seems
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to be motivated in part by an interest in reliably ex-
tracting transport coefficients of the quark-gluon plasma
from lattice QCD calculations of Euclidean correlation
functions. We briefly discuss here some similarities and
differences between the results for relativistic quantum
field theories and those derived in this paper for non-
relativistic Fermi gases: Eqs. (69) and (71).
There exist a number of Boltzmann calculations of the
viscosity spectral functions in weak coupling QCD [2, 50].
For the shear viscosity, the authors of Ref. [2] find the
shear viscosity sum rule
1
π
∫ ωc
0
dωη(ω) =
ε+ P
5
, (85)
where g4T ≪ ωc ≪ g2T is a cutoff that removes a di-
verging contribution from a high-frequency tail. For the
N = 4 supersymmetric Yang-Mills theory (SYM), Ro-
matschke and Son [49] derived the following shear vis-
cosity sum rule:
1
π
∫ ∞
0
dω[η(ω)− ηT=0(ω)] = ε
5
. (86)
Here, a diverging vacuum contribution from a T -
independent high-frequency tail has been subtracted out.
We note that our η sum rule in Eq. (71), though similar in
structure, has one key difference. The high-frequency tail
for the Fermi gas is in general T -dependent, because its
coefficient is set by the contact C = k4F C[1/(kFa), T/ǫF ].
A non-perturbative calculation of the bulk viscosity
sum rule in N = 4 supersymmteric Yang-Mills theory
and pure Yang-Mills theory (QCD with no quarks) has
been given recently by Romatschke and Son [49]:
1
π
∫ ∞
0
dω[ζ(ω)− ζT=0(ω)] =
(3ε+ P )(1− 3c2)− 4(ε− 3P ), (87)
where c ≡√∂P/∂ε is the sound speed in relativistic hy-
drodynamics (with the speed of light equal to unity) [17].
There are some differences and one very interesting simi-
larity with our ζ sum rule in Eq. (69). In contrast to the
Fermi gas spectral function ζ(ω), there is a need to sub-
tract out a divergent tail in Eq. 87 and this tail appears
to be T -independent. The interesting similarity is that
in the “conformal limit” P = ε/3, the right hand side of
Eq. (87) vanishes, analogous to the unitary Fermi gas.
XI. CONCLUSIONS
In this paper we have derived various exact, non-
perturbative results for the shear and bulk viscosities of
non-relativistic quantum fluids, focusing on the strongly
interacting Fermi gas. Our main results were already
summarized in the Introduction. To conclude, we dis-
cuss some open questions and how our results relate to
them.
Most calculations [25, 52] of the viscosity in strongly
interacting Fermi gases have so far been restricted to solv-
ing Boltzmann equations or using diagrammatic pertur-
bation theory, in essence making a quasiparticle approx-
imation. Such results are valid in the high and low tem-
perature regimes, but not in the most interesting regime
near and above Tc where a quasiparticle approximation
is questionable and the shear viscosity is known to be
the smallest. It was recognized some time back [53] that
there is a breakdown of Fermi liquid theory in the nor-
mal (i.e., non-superfluid) state of the strongly interact-
ing regime of the BCS-BEC crossover. It was shown
that precursor pairing correlations lead to a pseudogap
[53], which is a strong suppression of low-energy spectral
weight in various response functions. It is likely that no
sharp quasiparticle excitations exist in this regime near
unitarity and just above Tc, but controlled calculations
of dynamic quantities are very difficult.
Quantum Monte Carlo methods have played an impor-
tant role in determining the equilibrium thermodynamic
properties of the unitary Fermi gas. However, results
for transport coefficients are much less common, since
they require analytic continuation of imaginary time (Eu-
clidean) data to the real axis [54]. The sum rules we
derive could serve as useful constraints on similar calcu-
lations for strongly interacting Fermi gases.
From an experimental point of view, the (static) shear
viscosity for strongly interacting Fermi gases has been
estimated from studies of the damping of collective oscil-
lations [11]. We have shown above that, at unitarity, the
full frequency dependence of the shear viscosity spectral
function η(ω) can be obtained from two-photon Bragg
spectroscopy. While it would be a challenging experiment
(the density response being very small for small-q), this
would give extremely important insights into the strongly
interacting Fermi gas, analogous to optical conductivity
measurements of solids.
Finally, we return to the conjectured bound [1] on the
shear viscosity, Eq. (1). Proving or disproving the exis-
tence of a bound [55] for non-relativistic quantum fluids
like the strongly interacting Fermi gas remains a challeng-
ing open problem. We hope that the spectral functions
and sum rules derived here constitute a step in this direc-
tion, just as they have for other well known inequalities
in quantum many-body physics.
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Appendix A: Modified stress correlator
In the main paper we discussed current correlator and
stress correlator representations of the bulk and shear
viscosities. Here, we describe a third correlation function
using an explicitly defined operator Π̂0αβ which has been
used to calculate the static shear viscosity η = Re η(ω =
0). We note that Π̂0, which does not include the diagonal
terms of the full stress tensor, cannot be used to calculate
the bulk viscosity.
Let us define
Πˆ0αβ(r) =
1
2m
N∑
i=1
{
pˆiαpˆ
i
β , δ(r− rˆi)
}
(A1)
where pˆiα is the α-component of the momentum opera-
tor for the i-th particle. We emphasize that this is only
one piece – the kinetic part – of the full stress tensor
operator, and omits other terms, such as the pressure.
It is independent of the interaction potential unlike the
full stress tensor. However, since the expectation value
of the “off-diagonal” part of Π̂0 is identical to the hydro-
dynamic stress tensor in Eq. (6), we expect that we can
use Π̂0 to compute the shear viscosity, at least in the low
frequency limit.
We define the correlator χxy,xyΠ0 by choosing Aˆ =
Πˆ0αβ(q) and Bˆ = Πˆ
0
µν(−q) in Eq. (12), where
Πˆ0αβ(q) =
1
4m
∑
kσ
cˆ†kσ cˆk+qσ(2kα + qα)(2kβ + qβ). (A2)
We can write the analog of Eq. (26) as
η0(ω) = lim
q→0
Imχxy,xyΠ0 /ω. (A3)
This is the form used by several authors [25, 26] as a
starting point for diagrammatic approximations.
The sum rule for the modified stress correlator,
Eq. (A2), simply follows from the Kramers-Kronig re-
lation:
1
π
∫ ∞
0
dω lim
q→0
Imχxy,xyΠ0 (q, ω)
ω
=
lim
ω→0
lim
q→0
1
2
Reχxy,xyΠ0 (q, ω). (A4)
Ironically, it is seems harder to explicitly evaluate the
right hand side here than it is to calculate the exact sum
rule in Eq. (55), despite the simple operator Π̂0 involved.
The point is that Πˆ0 does not satisfy the Euler equation,
Eq. (22), and hence we cannot relate it to the current.
Thus, in contrast to the sum rules given by Eqs. (47)
and (48) which involve the first frequency moment of the
current correlator, we must deal directly with an inverse
frequency moment in Eq. (A4). Such an inverse moment
is a generalized “static susceptibility”, about which we
do not seem to know much, at least in this case. Unlike
positive moment sum rules, it cannot be written in terms
of commutators.
Appendix B: Hydrodynamics
In this Appendix, we review well-known hydrodynamic
results for the current correlation functions [20, 56]. To
keep the discussion as general as possible, we will use the
full two-fluid hydrodynamic correlation functions that re-
sult from solving the linearized equations of two-fluid hy-
drodynamics [17, 57]. As written below, these correlation
functions describe any superfluid with a two-component
order parameter, including dilute two-component Fermi
gases (see Ref. [58] and references therein), and reduce to
standard hydrodynamic expressions in the normal phase
above Tc. We start by writing down a relation between
the longitudinal current correlation function χL(q, ω)
and the (mass) density response function χρρ(q, ω). (Re-
call that our current correlation function is the number
current correlation function and not the mass current
correlation function generally used in the older litera-
ture [20, 56]. We will find it convenient in the analysis
below to use the correlation function χρρ for the mass
density ρ = mn, however.) Analogous to the result given
by Eq. (23), the continuity equation ∂tn+∇ · j = 0 can
be used to find
ω2χρρ(q, ω) = (mq)
2χL(q, ω)− q · 〈[jˆq, ρˆ−q]〉
= (mq)2χL(q, ω)− ρq2. (B1)
We can now use the hydrodynamic expression for
χρρ(q, ω) to obtain an explicit hydrodynamic expression
for χL(q, ω). In the hydrodynamic regime, the density
response function is (see, e.g., Eq. (4.32) in Ref. [56]):
χρρ(q, ω)
ρq2
=
−ω2 + q2 ρsTs2ρncv − iq2ωΓ
(ω2 − u21q2 + iD1q2ω)(ω2 − u22q2 + iD2q2ω)
. (B2)
Here, u1 and u2 are the speeds of first and second sound,
respectively. They can be shown to satisfy the following
identity (see, e.g., Eq. (14.39) in Ref. [57]):
u21 + u
2
2 =
ρsTs
2
ρncv
+ c2s with c
2
s = (∂P/∂ρ)s . (B3)
Recall that s ≡ S/N is the entropy per particle. cv ≡
T (∂s/∂T )ρ is the specific heat per unit mass at constant
volume. ρs and ρn are the superfluid and normal fluid
densities. The damping coefficients Γ, D1, and D2 obey
the following identities:
Γ ≡ κ
ρcv
+
ρs
ρn
(
4η/3 + ζ2
ρ
− 2ζ1 + ρζ3
)
(B4)
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and
D1 +D2 = Γ+
1
ρ
(4η/3 + ζ2) . (B5)
Here, κ is the thermal conductivity and ζ1, ζ2, and ζ3 are
the bulk viscosities associated with the different types of
motion that can arise in the superfluid phase [17]. Above
Tc, ζ2 reduces to the usual bulk viscosity ζ and the re-
maining bulk viscosities do not contribute.
After some straightforward but lengthy algebra, one
can show from Eqs. (B1) and (B2) that
lim
ω→0
lim
q→0
m2ω2
2q2
ReχL(q, ω)=−ρ
2
[
u21 + u
2
2 −
ρsTs
2
ρncv
]
.
(B6)
Using Eq. (B3) in this expression gives the result in
Eq. (46).
The transverse current correlation function is given by
(see Eq. (4.49) in Ref. [56])
m2χT (q, ω) =
ηq2
ηq2/ρn − iω . (B7)
From Eq. (B7), we see that the real part of the transverse
current correlation function is proportional to q4, leading
to the result in Eq. (46).
Appendix C: Contact
This Appendix consists of two parts. In the first part,
we briefly recall, for completeness, some basic properties
of Tan’s contact; more details may be found in the orig-
inal references [14, 38]. In the second part, we use the
same techniques, within a real-space formulation [37], to
derive Eqs. (64) and (65) for V
′
and V
′′
.
The contact C can be defined by the large-k tail
of the momentum distribution function limk→∞ nk =
C/k4. This leads to a kinetic energy density 〈Kˆ〉 =
2
∫
d3k (k2/2m) nk with a linearly divergent piece that
goes like CΛ/(2π2m), where Λ ≡ 1/r0 is the ultraviolet
cutoff. The potential energy density is given by [38]
〈Vˆ 〉 = C
4πma
− ΛC
2π2m
, (C1)
so that the total energy density ε = 〈Kˆ〉 + 〈Vˆ 〉 is finite
in the Λ = 1/r0 → ∞ limit. We will freely use these
results, together with those obtained from the short-
distance properties of two-body density matrix, to eval-
uate the quantities of interest for our sum rules.
At short distances, r0 . r ≪ k−1F , the two-body den-
sity matrix for a two-component dilute Fermi gas has the
structure [37]∫
d3R
〈
ψˆ†↑(R+
r
2
)ψˆ†↓(R−
r
2
)ψˆ↓(R− r
2
)ψˆ↑(R+
r
2
)
〉
≡ F(r) = C
16π2
(
1
r
− 1
a
)2
.(C2)
Let us use this to compute the interaction energy density
〈Vˆ 〉 = C
4π
∫
drV (r) (1− r/a)2 . (C3)
It is easy to see that for r0 → 0, we may drop the (r/a)2
term in the integrand as it gives a vanishingly small con-
tribution. Using
Xn =
C
4π
∫
drV (r)(r/a)n (n = 0, 1) (C4)
we thus obtain
〈Vˆ 〉 = X0 − 2X1. (C5)
Similarly, Eqs. (60) and (61) may be written as
V
′
= −X0 + 4X1 (C6)
and
V
′′
= 2X0 − 12X1. (C7)
Next, we wish to determine the integrals X0 and X1
in the limit where the range of the potential vanishes:
r0 → 0. Comparing the results given by Eqs. (C1) and
(C5) for 〈Vˆ 〉, it is evident that X0 is linearly divergent in
Λ and X1 is finite as Λ = 1/r0 →∞. But there is no way
to determine the finite part of X0 from this comparison
alone. We need one additional piece of information to
determine X0 and X1. We get this from the relation
P = 2ε/3 + 〈Vˆ 〉/3 + V ′/3. (C8)
for the pressure P which is derived in Appendix D. Using
Eqs. (C5) and (C6), we see that the divergent terms (X0)
cancel and the pressure
P = 2ε/3 + 2X1/3 (C9)
is finite as r0 → 0. Comparing this with [14] P = 2ε/3+
C/(12πma) we obtain
X1 = C/(8πma). (C10)
Substituting this into Eq. (C5) for 〈Vˆ 〉, and comparing
with Eq. (C1), we find
X0 = −CΛ/(2π2m)− C/(2πma). (C11)
Using these results for X0 and X1 in Eqs. (C6) and (C7)
we obtain Eqs. (64) and (65) for V
′
and V
′′
, respectively.
Appendix D: Pressure
In the main text of this paper, we have suppressed
factors of the volume Ω at all places by setting it
equal to unity. In this Appendix, we re-introduce fac-
tors of Ω in order to use the thermodynamic relation
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P = −(∂F/∂Ω)T,N to derive a microscopic expression
for the pressure. To evaluate this, we use the Feynman-
Hellmann formula (∂F/∂λ)T,N = 〈∂Hˆ/∂λ〉 treating the
volume Ω as a parameter λ in the Hamiltonian
Hˆ =
∑
kσ
εkcˆ
†
kσ cˆkσ+
1
Ω
∑
kk′p
V (p)cˆ†k+p↑cˆ
†
k′−p↓cˆk′↓cˆk↑.(D1)
The volume enters in two ways: (i) explicitly, though
the Ω−1 factor in front of the interaction term, and
(ii) implicitly, through the discrete wavevectors k =(
2π/Ω1/3
)
(nx, ny, nz). One can replace the momentum
sums by sums over the discrete indices nα = 0, 1, ..., and
the operators only depend on these indices. Thus, in
addition to the explicit Ω−1 factor, the kinetic energy
εk = k
2/2m and the two-body potential V (p) also de-
pend on the volume Ω.
Using 3Ω [∂F (k)/∂Ω] = −kα [∂F (k)/∂kα] (with the
summation convention) and the definition of V
′
given in
Eq. (54), we find the result
P =
2
3
ε+
1
3
〈Vˆ 〉+ 1
3
V
′
. (D2)
Appendix E: Thermodynamics of the BCS-BEC
Crossover
In this Appendix, we simplify the form of the bulk vis-
cosity sum rule in Eq. (68) and derive the result given
by Eq. (69) using thermodynamic scaling arguments [43]
and the Tan relations [14]. We begin by writing the en-
ergy density of a two-component Fermi gas in the scaling
form
ε = nǫFE(x, s), (E1)
which is valid across the entire BCS-BEC crossover.
Here, E is a dimensionless function of the interaction
parameter x = 1/(kFa) and the entropy per particle
s ≡ S/N . We find it convenient to use s, rather then
more familiar variable T/ǫF , because we will need to
evaluate adiabatic derivatives below. The density de-
pendence of the Fermi energy and Fermi wavevector are
given by ǫF = (3π
2n)2/3/2m and kF = (3π
2n)1/3 respec-
tively, and a is the s-wave scattering length.
We first calculate the adiabatic sound speed which en-
ters the right hand side of the ζ sum rule in Eq. (68).
Using the definition c2s = (∂P/∂ρ)s, where ρ = mn, to-
gether with Tan’s pressure relation, Eq. (63), we find
ρc2s
2
=
n
2
[
2
3
(
∂ε
∂n
)
s
+
1
12πma
(
∂C
∂n
)
s
]
. (E2)
The derivatives at constant s are evaluated as follows.
The first term is (∂ε/∂n)s = (5ε/3n)−(ǫFx/3)(∂E/∂x)s.
We compute (∂E/∂x)s using Tan’s adiabatic relation,
Eq. (78), and obtain n(∂ε/∂n)s = 5ε/3 − C/(12πma).
To calculate the second term in Eq. (E2), we rewrite the
contact in the scaling form
C = k4F C˜(x, s) (E3)
where C˜ is a dimensionless function on its arguments.
After some simple algebra, we find n(∂C/∂n)s = 4C/3−
(3a)−1(∂C/∂a−1)s. Adding up all of the contributions
to the bulk viscosity sum rule, we find
5ε
9
+
C
12πma
− ρc
2
s
2
=
1
72πma2
(
∂C
∂a−1
)
s
. (E4)
That the ζ sum rule vanishes at unitarity can also
be seen directly from thermodynamic scaling arguments,
without introducing the contact. Using Eq. (E1), we see
that P = −(∂(εΩ)/∂Ω)S,N = 2ε/3 at unitarity [as an-
ticipated by Eq. (63)] [59]. Using this, we also find that
the adiabatic sound speed at all temperatures is given by
c2s = (1/m) (∂P/∂n)s = 5P/3ρ. Combining these results,
one immediately obtains the result in Eq. (75) that the
bulk viscosity sum rule vanishes there.
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